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PSEUDO-DIFFERENTIAL EQUATIONS CONNECTED WITH
p−ADIC FORMS AND LOCAL ZETA FUNCTIONS
W. A. ZUNIGA-GALINDO
Abstract. We study the asymptotics of fundamental solutions of p-adic pseudo-
differential equations of type
(f(∂, β) + λ)u = g,
where f(∂, β) is a pseudo-differential operator with symbol |f |β
K
, β > 0, f is a
form of arbitrary degree with coefficients in a p−adic field, λ ≥ 0, and g is a
Schwartz-Bruhat function.
1. Introduction
Let K be a p−adic field, i.e. [K : Qp] < ∞. Let RK be the valuation ring of
K, PK the maximal ideal of RK , and K = RK/ PK the residue field of K.
The cardinality of K is denoted by q. For z ∈ K, v(z) ∈ Z ∪ {+∞} denotes the
valuation of z, |z|K = q
−v(z) and ac z = zp−v(z) where p is a fixed uniformizing
parameter for RK . For x = (x1, . . . , xn) ∈ K
n we put ‖x‖K = max1≤i≤n |xi|K .
We denote by S(Kn) the C-vector space of Schwartz-Bruhat functions over Kn.
The dual space S′(Kn) is the space of distributions overKn. Let f = f (x) ∈ K [x],
x = (x1, . . . , xn), be a non-constant polynomial, and β a positive real number. A
p-adic pseudo-differential operator f(∂, β), with symbol |f |
β
K , is an operator of the
form
f(∂, β) : S(Kn) → S(Kn)
Φ → F−1
(
|f |
β
K F (Φ)
)
,
where F is the Fourier transform. The operator f(∂, β) is continuous and has self-
adjoint extension with dense domain in L2 (Kn). This operator is considered to be
a p−adic analogue of a linear partial differential operator with constant coefficients.
The p-adic pseudo-differential equation
(1.1) f(∂, β)u = g, g ∈ S(Kn),
is naturally associate to f(∂, β). The theory of p−adic pseudo-differential equations
is emerging motivated by the use of p−adic models in physics [10], [19]. The state
of the art of the theory of p−adic pseudo-differential operators is exposed in a recent
book by Kochubei [10]. The simplest possible operator has symbol |x|
β
K , β > 0.
Vladimirov studied extensively this class of operators showing, among other results,
the existence of fundamental solutions [18], [19]. Kochubei showed the existence of
fundamental solutions for elliptic operators, i.e., for operators with symbols of the
form |f (x1, . . . , xn)|
β
K , β > 0, where f (x1, . . . , xn) is a quadratic form satisfying
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f (x1, . . . , xn) 6= 0 when |x1|K + .. + |xn|K 6= 0, [10], [11]. In [14] Khrennikov
considered spaces of functions and distributions defined outside the singularities
of a symbol, in this situation he showed the existence of a fundamental solution
for a p−adic pseudo-differential equation with symbol a (ξ) 6= 0. In a recent note
[21] the author observed that Atiyah’s proof [1] for the existence of a fundamental
solution for a linear partial differential operator with constant coefficients can be
adapted to the p−adic case. In this proof the meromorphic continuation of the
Igusa local zeta function plays a central role. On the other hand, Jang [9] and Sato
[15] showed explicitly a connection between the local zeta function of a quadratic
form and the p−adic Green function Gλ (a fundamental solution) of the following
pseudo-differential equation
(1.2) (f (∂, β) + λ)u = g, λ > 0, g ∈ S(Kn),
when β = 1, and f is a relative invariant of some prehomogeneous vector space.
In [15] Sato showed that the asymptotics of Gλ, as |f |K → ∞, is controlled by
the gamma factor of the functional equation of the local zeta function associated
to f . Previously, Kochubei [12], [13], had described the asymptotics of Gλ, at the
infinity and at the origin, when f (∂, β) is an elliptic operator.
This paper is dedicated to the study of the asymptotics of fundamental solutions
for (1.1) and (1.2) when f is a homogeneous polynomial in an arbitrary number
of variables. We construct fundamental solutions “at infinity and at the origin”
for (1.1), that is, solutions of (1.1 ) when g is the characteristic function of a ball
around the infinity, respectively, around the origin (cf. Theorem 3.1, and Corollary
3.1). The proof of Theorem 3.1 uses resolution of singularities [3], and some ideas
developed by Atiyah for solving the problem of division of a distribution by an
analytic function [1]. The techniques used in the proof of Theorem 3.1 allow us to
establish a functional equation for the distributions of type χ(ac f) |f |sK (cf. The-
orem 2.2) on a certain subspace of S(Kn). Functional equations for distributions
of type χ (ac f) |f |
s
K have been obtained by Igusa [8], Sato [16], Gyoja [4], and
Denef and Meuser [2].
We also give the asymptotic expansion of the Green function Gλ(x) as ‖x‖K →
∞ (cf. Theorem 4.1). The proof of this result uses the technique of integration on
the fibers and some properties of the Igusa local zeta function. Kochubei studied
the asymptotics of the Green functions associated with elliptic operators [10, Sect.
2.8], [12], [13], at infinity and at the origin. The asymptotics obtained by Kochubei
at infinity can be recovered from Theorem 4.1.
2. Preliminaries
Let Ψ : K → C× be the additive character defined by
Ψ : K → Qp → Qp/Zp → C
×
x → TrK/Qp (x) y → exp (2πiy) ,
where TrK/Qp is the trace mapping. Let |dx| denote the Haar measure on K
n
normalized such that vol(RnK) = 1. We shall identify the n−dimensional K−vector
space Kn with its dual vector space via the standard inner product
[x, y] =
n∑
i=1
xiyi, x, y ∈ K
n.
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The Haar measure |dx| is autodual with respect the pairing Ψ ([x, y]). For Φ ∈
S(Kn), the Fourier transform FΦ of Φ is defined by
(FΦ) (ξ) =
∫
Kn
Φ (x)Ψ (− [x, ξ]) |dx| .
The Fourier transform induces a linear isomorphism of S(Kn) onto itself, and the
inverse transform is given by
Φ (x) =
∫
Kn
(FΦ) (ξ)Ψ ([x, ξ]) |dξ| .
The Fourier transform can be extended to an isometry of L2 (Kn) onto L2 (Kn).
We denote by S′(Kn) the dual space of S(Kn), i.e. the space of complex valued
distributions on Kn. If T ∈ S′(Kn), we denote by FT its Fourier transform, that
is the distribution 〈FT ,Φ〉 = 〈T,FΦ〉.
2.1. The Riesz kernel. We shall collect some well-known results about the Riesz
kernel that will be used in the next sections [17], [19].
The p−adic Gamma function Γn (α) is defined as follows
Γn (α) =
1− qα−n
1− q−α
, α ∈ C, α 6= 0.
The Gamma function is meromorphic with simple zeros at n+ 2πilog qZ and unique
simple pole at α = 0. In addition, it satisfies
Γn (α) Γn (n− α) = 1, α /∈ {0} ∪
{
n+
2πi
log q
z ; z ∈ Z
}
.
The Riesz kernel Rα is the distribution determined by the function
Rα (x) =
‖x‖α−nK
Γn (α)
, x ∈ Kn, Re(α) > 0, α /∈ n+
2πi
log q
Z.
The Riesz kernel possesses, as a distribution, a meromorphic continuation to C
given by
〈Rα,Φ〉 = Φ(0)
(
1− q−n
1− qα−n
)
+
(
1− q−α
1− qα−n
) ∫
‖x‖
K
≤1
(Φ (x)− Φ (0)) ‖x‖
α−n
K |dx|
+
(
1− q−α
1− qα−n
) ∫
‖x‖
K
>1
Φ (x) ‖x‖
α−n
K |dx| ,(2.1)
with poles at n + 2πilog qZ. We note that 〈Rα,Φ〉 |α=0= 〈δ,Φ〉, i.e.
1
Γn(0)
‖x‖
−n
K is
equal to the Dirac delta function.
Proposition 2.1 ([17, Theorem 4.5]). As elements of S′(Kn),
F
(
‖x‖
α−n
K
Γn (α)
)
= ‖x‖
−α
K , α /∈ n+
2πi
log q
Z.
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2.2. Igusa’s local zeta function. Let g(x) ∈ K [x], x = (x1, . . . , xn), be a non-
constant polynomial, the p−adic complex power |g|
s
K associated to g (also called
the Igusa local zeta function of g) is the distribution
(2.2) 〈|g|
s
K ,Φ〉 =
∫
Kn\g−1(0)
Φ (x) |g (x)|
s
K |dx| , s ∈ C, Re(s) > 0.
For a fixed Φ we put ZΦ (s, g) = 〈|g|
s
K ,Φ〉, Re(s) > 0. In the case in which Φ is the
characteristic function of RnK we denote the local zeta function of g by Z (s, g).
The local zeta functions were introduced by Weil [20] and their basic properties for
general g were first studied by Igusa [5], [6].
A basic tool in the study of the local zeta functions is Hironaka’s resolution The-
orem [3]. This theorem guarantees the existence of an n−dimensional K−analytic
manifold Y , a finite set E = {E} of closed submanifolds of Y of codimension 1 with
a pair of positive integers (NE, nE) assigned to each E, and a proper K−analytic
map h : Y → Kn satisfying the following properties: (I) (g ◦ h)
−1
(0) = ∪E∈EE;
(II) the restriction of h to Y \h−1
(
g−1 (0)
)
is an isomorphism onto its image; and
(III) at every point b of Y if E1, . . . , Ep are all the E in E containing b with respec-
tive local equations y1, . . . , yp around b and (Ni, ni) = (NE , nE) for E = Ei, then
there exist local coordinates of Y around b of the form (y1, . . . , yp, yp+1, . . . , yn)
such that
g ◦ h = ǫ
∏
1≤i≤p
yNii
on some neighborhood of b, with ǫ a unit of the local ring of Y at b. The pair (h, Y )
is called a resolution of singularities for g−1(0), and ∪E∈E {(NE, nE)} is the set of
numerical data of h. A central result in the theory of local zeta functions is the
following.
Theorem 2.1 (Igusa, [5, Theorem 8.2.1]). Let g(x) ∈ K [x] be a non-constant
polynomial. The distribution |g|sK admits a meromorphic continuation to the
complex plane such that 〈|g|sK ,Φ〉 is a rational function of q
−s for each Φ ∈
S(Kn). Furthermore, if h : Y → Kn is a resolution of singularities of g−1(0),
with numerical data ∪E∈E {(NE , nE)}, then∏
E∈E
(
1− q−nE−NEs
)
|g|
s
K
is a holomorphic distribution. In particular the real parts of the poles of |g|
s
K are
negative rational numbers.
We shall denote by |g|
s
K the meromorphic continuation of distribution (2.2),
and by Z(s, g), the integral
∫
Rn
K
|g (x)|
s
K |dx|, Re(s) > 0, and its meromorphic
continuation to the complex plane. Theorem 2.1 is valid for distributions of the
form χ (ac g) |g|
s
K , where χ is a multiplicative character of R
×
K (cf. [5, Theorem
8.2.1]).
We set Ωl, l ∈ Z, for the characteristic function of the ball (P
l
K)
n. We denote by
∆0(K
n) the C-vector space generated by Ωl, l ∈ N, by ∆∞(K
n) the C-vector space
generated by Ω−l, l ∈ N, and by ∆(K
n) the C-vector space ∆0(K
n) ⊕ ∆∞(K
n).
The Fourier transform establishes a C-isomorphism between ∆0(K
n) and ∆∞(K
n),
and therefore a C-isomorphism from ∆(Kn) onto itself.
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Lemma 2.1. Let f(x) ∈ K [x] be a form of degree d. Then the distribution |f |
s
K
satisfies
〈|f |
s
K ,Φ〉 =
(
1− qds
1− q−n
)
Z(s, f) 〈Rds+n, Φ〉 ,
for s ∈ C, and Φ ∈ ∆(Kn).
Proof. Every Φ ∈ ∆(Kn) is a finite linear combination of the form
Φ(x) =
∑
i
ciΩli (x) ,
where ci ∈ C, li ∈ Z, and Ωli is the characteristic function of the ball
(
P liK
)n
. The
action of |f |
s
K on FΦ can be explicitly described as follows:
(2.3) 〈|f |sK ,FΦ〉 =
∑
i
ci
〈
|f |sK , q
−nliΩ−li
〉
,
and since
(2.4)
〈
|f |sK , q
−nliΩ−li
〉
= q−nli
∫
Kn
|f (x)|sK Ω−li (x) |dx| = Z(s, f)q
dlis,
for Re (s) > 0, it follows from (2.3) that
(2.5) 〈|f |
s
K ,FΦ〉 = Z(s, f)
∑
i
ciq
dlis, for Re (s) > 0.
On the other hand,
(2.6)
〈
1− qds
1− q−n
Rds+n, q
−nliΩ−li
〉
=
〈
1− q−n−ds
1− q−n
‖x‖
ds
K , q
−nliΩ−li
〉
= qdlis,
for every li ∈ Z, and Re(s) > 0. Then (2.5) and (2.6) imply that
(2.7) 〈|f |
s
K ,FΦ〉 =
(
1− qds
1− q−n
)
Z(s, f) 〈Rds+n, FΦ〉 ,
for Re(s) > 0. By Theorem 2.1 and (2.1), |f |sK , Z(s, f), and Rds+n have a mero-
morphic continuation to the complex plane, therefore (2.7) extends to C. Finally,
since the Fourier transform establishes a C-isomorphism from ∆(Kn) onto itself, it
is possible to remove the Fourier transform symbol in (2.7).
Theorem 2.2. Let f(x) ∈ K [x] be a non-constant form of degree d. Then the
distribution |f |
s
K satisfies
(2.8) 〈|f |
s
K ,Φ〉 =
Z(s, f)
Z(−s− nd , f)
〈
|f |
−s−n
d
K ,FΦ
〉
, s ∈ C\ {0} , Φ ∈ ∆(Kn).
Proof. Suppose that ds /∈ −n+ 2πilog qZ, by rewriting (2.7) as
(2.9) 〈|f |
s
K ,FΦ〉 =
(
1− q−n−ds
1− q−n
)
Z(s, f)
〈
‖x‖
ds
K , FΦ
〉
, s ∈ C,
and applying Proposition 2.1 we obtain that
(2.10) 〈|f |
s
K ,FΦ〉 =
(
1− qds
1− q−n
)
Z(s, f)
〈
‖x‖
−ds−n
K , Φ
〉
,
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for s ∈ C \
{
−n+ 2πilog qZ
}
. By making s → −
(
s+ nd
)
in (2.10), it takes the
following form:
(2.11)
〈
|f |
−s−n
d
K ,FΦ
〉
=
(
1− q−ds−n
1− q−n
)
Z(−s−
n
d
, f)
〈
‖x‖dsK , Φ
〉
,
for s ∈ C \
{
2πi
log qZ
}
. By comparing (2.11) and (2.9), we obtain (2.8) for s ∈
C \
{
2πi
log qZ
}
. In order to complete the proof, we have to show that (2.8) is valid
for s ∈
{
2πi
log qZ
}
. We recall that R0 = δ, i.e.
1
Γn(0)
‖x‖−nK is equal to the Dirac
delta function. In the case in which ds+ n = 0 mod 2πilog qZ, (2.7) takes the form〈
|f |
−n
d
K ,FΦ
〉
= Z(−
n
d
, f) 〈R0, FΦ〉 = Z(−
n
d
, f) 〈δ, FΦ〉
= Z(−
n
d
, f)
〈
F−1δ, Φ
〉
= Z(−
n
d
, f) 〈1, Φ〉 .(2.12)
On the other hand, since |f |sK is holomorphic at zero, the Lebesgue Lemma
implies that
(2.13)
〈
|f |0K ,Φ
〉
= lim
s→0
〈|f |sK ,Φ〉 =
∫
Kn
Φ (x) |dx| = 〈1,Φ〉 .
In particular
(2.14) Z(0, f) = 1.
Then from (2.12)-(2.14) follow that
(2.15)
〈
|f |
0
K ,Φ
〉
= 〈1, Φ〉 =
Z(0, f)
Z(−nd , f)
〈
|f |
−n
d
K ,FΦ
〉
.
Therefore (2.8) is valid for every for s ∈
{
2πi
log qZ
}
.
We note that Lemma 2.1 and Theorem 2.2 are valid for distributions of the form
〈χ (ac f) |f |
s
K ,Φ〉 =
∫
Kn
Φ (x)χ (ac f (x)) |f (x)|
s
K |dx| .
Functional equations for distributions of type χ (ac f) |f |
s
K have been obtain by
Igusa [8], Sato [16], Gyoja [4], and Denef and Meuser [2].
3. Fundamental solutions of p−adic pseudo-differential equations
Given a polynomial function f(x1, . . . , xn) with coefficients in K we define a
pseudo-differential operator f(∂, β), β > 0, that acts on functions in S(Kn) by
f(∂, β)Φ (x) = F−1
(
|f |βK FΦ
)
(x)
=
∫
Kn\f−1(0)
|f (y)|βK (FΦ) (y)Ψ ([x, y]) dy.
Since |f |
β
K FΦ |Kn\f−1(0)∈ S(K
n), and the Fourier transform is a linear isomor-
phism from S(Kn) onto itself, it holds that f(∂, β)Φ ∈ S(Kn). Thus f(∂, β) is a
linear operator from S(Kn) into S(Kn). The operator f(∂, β) is continuous and
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has a self-adjoint extension with dense domain in L2 (Kn). We associate to f(∂, β)
the following p-adic pseudo-differential equation:
(3.1) f(∂, β)u = g, g ∈ V ⊆ S(Kn).
A fundamental solution for (3.1) on V is a distribution Eβ such that u = Eβ ∗ g
is a solution. In a recent note [21] the author observed that Atiyah’s proof of
the existence of a fundamental solution for a differential operator with constant
coefficients can be adapted to prove the existence of a fundamental solution for
(3.1) on S(Kn).
The following Theorem describes explicitly a fundamental solution of (3.1) as a
distribution on ∆ (Kn) when f(x) is a form of degree d in n variables.
Theorem 3.1. Let f (x) ∈ K [x1, . . . , xn] \ K be a form of degree d, and f(∂, β)
the p-adic pseudo-differential operator with symbol |f |
β
K , β > 0. If
−β /∈ ∪E∈E
{
−
nE
NE
}
∪
{
−
n
d
}
∪ {γ ∈ R | Z (γ, f) = 0} ,
where ∪E∈E {(NE , nE)} are the numerical data of a resolution of singularities
(Y, h) for f−1(0), then the distribution
Eβ(x) =
(
1− q−dβ
1− q−n
)
Z (−β, f) ‖x‖
dβ−n
K
is a fundamental solution of the p-adic pseudo-differential equation f(∂, β)u = g,
with g ∈ ∆(Kn).
Proof. We set Eβ = F
−1T , where T ∈ S′(Kn) satisfying |f |βK T = 1. Then Eβ is a
fundamental solution of (3.1). In order to prove the existence of T we proceed as
follows. By Theorem 2.1 the distribution |f |
s
K has a meromorphic continuation to
C. Let
(3.2) |f |
s
K =
∑
m∈Z
Tm (s+ β)
m
be the Laurent expansion at −β with Tm ∈ S
′(Kn) for allm. Since the real parts of
the poles of |f |
s
K are negative rational numbers by Theorem 2.1, |f |
s+β
K = |f |
β
K |f |
s
K
is holomorphic at s = −β. Therefore |f |
β
K Tm = 0 for all m < 0 and
(3.3) |f |s+βK = T0 |f |
β
K +
∞∑
m=1
Tm |f |
β
K (s+ β)
m .
By using the Lebesgue Lemma and (3.3)
lim
s→−β
〈
|f |
s+β
K ,Φ
〉
=
∫
Kn
Φ (x) |dx| = 〈1,Φ〉
= T0 |f |
β
K .(3.4)
Therefore we can take T = T0. Now since 〈|f |
s
K ,Φ〉 is a rational function of q
−s
for every Φ in S(Kn), and −β is not a pole of |f |sK it holds that
〈T0,Φ〉 = lim
s→−β
〈|f |sK ,Φ〉 ,
for every Φ in S(Kn), i.e.,
(3.5) T0 = lim
s→−β
|f |
s
K .
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In order to find Eβ , we compute explicitly T0 by using (3.5), and then Eβ as
F−1T0. By Lemma 2.1
(3.6) |f |
s
K =
(
1− q−n−ds
1− q−n
)
Z(s, f) ‖x‖
ds
K , s ∈ C,
as a distribution on ∆ (Kn). By using (3.5) we obtain from (3.6) that
(3.7) T0 =
(
1− q−n+βd
1− q−n
)
Z(−β, f) ‖x‖
−βd
K
as a distribution on ∆ (Kn). If β 6= nd , using Proposition (2.1) and the fact that
the Fourier transform is an isomorphism on ∆ (Kn), we obtain that F−1T0 is equal
to
Eβ (x) =
(
1− q−dβ
1− q−n
)
Z(−β, f) ‖x‖
βd−n
K , if β 6=
n
d
,
as a distribution on ∆ (Kn). Finally, the condition Z(−β, f) 6= 0 implies Eβ 6= 0.
3.1. Remarks. Let E be in S ′(Kn), and g a complex valued function defined on
X ⊆ Kn having
g(x) =
∞∑
i=0
akϕk (x) , x→ x0,
as an asymptotic expansion as x tends to x0, here x0 is a limit point of X . If
〈E,Φ〉 =
∫
Kn
g (x) Φ (x) |dx| ,
for any Φ ∈ S(Kn) whose support is contained in a sufficiently small ball around
x0, then we shall say that E has an asymptotic expansion as x tends to x0, and
write
E (x) =
k∑
i=0
akϕk (x) +O
(
ϕk+1 (x)
)
, x→ x0.
Corollary 3.1. With the hypothesis of Theorem 3.1, it holds that (I) Eβ(x) =
O
(
‖x‖dβ−nK
)
as ‖x‖K → 0; (II) Eβ(x) = O
(
‖x‖−dβK
)
as ‖x‖K → ∞. Moreover,
the fundamental solution Eβ(x) is non-singular at the origin if β >
n
d .
Proof. The first part follows directly from Theorem 3.1, and Remark 3.1 (3). The
second part follows from the fact that
〈Eβ(x),Ω−ℓ〉 = 〈Eβ(x),FΩℓ〉 =
〈(
1− qdβ−n
1− q−n
)
Z (−β, f) ‖x‖
−dβ
K ,Ωℓ
〉
.
3.2. Elliptic pseudo-differential operators. A quadratic form
h(x1, . . . , xn) ∈ Qp [x1, . . . , xn] , p 6= 2,
is called elliptic (or anisotropic) if it satisfies
(3.8) h(x1, . . . , xn) 6= 0 if |x1|Qp + . . .+ |xn|Qp 6= 0.
Other quadratic forms are called isotropic. A pseudo-differential operator h(∂, β)
with symbol |h|
β
K satisfying (3.8) is called an elliptic operator. It is well-known that
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there no exist anisotropic quadratic forms if n > 5. The following table shows all
the anisotropic quadratic forms up to linear isomorphism.
(3.9)
n Quadratic Forms
2 h(x1, x2) = x
2
1 − τx
2
2, τ ∈ Qp \QpQp, τ = ǫ, τ = p, τ = ǫp, ǫ ∈ Z
×
p
3
h(x1, x2, x3) = pǫ1x
2
1 + ǫ2x
2
2 + ǫ3x
2
3, ǫ1, ǫ2, ǫ3 ∈ Z
×
p ,
ǫ2x
2
2 + ǫ3x
2
3 6= 0 if |x1|Qp + |x2|Qp 6= 0
4 h(x1, x2, x3, x4) = x
2
1 − sx
2
2 − px
2
3 + spx
2
4, s ∈ Z, with
(
s
p
)
= −1
Our next goal is to determine a fundamental solution for an elliptic operator
on ∆(Kn). The first step is to calculate Z(s, h). This calculation can be easily ac-
complished by using the p−adic stationary phase formula. This method introduced
by Igusa [7] permits the calculation of the local zeta function for a wide class of
polynomials [7, and the references therein], [22], [23], [24].
If h (x) ∈ RK [x1, . . . , xn] \ pRK [x1, . . . , xn], we denote by h (x) its reduction
modulo pRK .
Proposition 3.1 ([5, Proposition 10.2.1]). If
h (x) ∈ RK [x1, . . . , xn] \ pRK [x1, . . . , xn]
is a homogeneous polynomial of degree d such that h (a) = ∂h∂xi (a) = 0 for 1 ≤ i ≤ n
implies a = 0, then
Z(s, h) =
(1− q−nN) +
(
q−n−1 + q−n (N − 1)− q−1
)
q−s
(1− q−1−s) (1− q−n−ds)
,
where N denotes the number of zeros of f (x) in Fnq .
We shall identify an elliptic quadratic form with one of the polynomials listed
in table (3.9). Then as a consequence of the previous Proposition we obtain the
following result.
Corollary 3.2. If h(x) ∈ Zp [x] is an elliptic quadratic form in n variables, then
Z(s, h) = 1−q
−n
1−q−n−2s .
The following result describes explicitly a fundamental solution of h(∂, β)u = g,
g ∈ ∆(Kn); this result follows from Theorem 3.1 and Corollary 3.2.
Theorem 3.2. Let h (x) ∈ Zp [x1, . . . , xn] be an elliptic quadratic form, and h(∂, β)
the p-adic pseudo-differential operator with symbol |h|
β
K , β > 0. If β 6=
n
2 , then the
distribution
Eβ(x) =
(
1− p−2β
1− p−n+2β
)
‖x‖
2β−n
Qp
is a fundamental solution of the p-adic pseudo-differential equation h(∂, β)u = g,
with g ∈ ∆(Kn).
Theorem 3.2 is valid for any finite extension K of Qp. In [11], [10, Chap. 2]
Kochubei calculated explicitly the fundamental solutions for the elliptic opera-
tors. The restriction of these distributions to the space ∆(Kn) coincide with the
distributions given in Theorem 3.2 when β 6= n2 .
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4. p−adic Green Functions
A fundamental solution Gλ of the pseudo-differential
(f (∂, β) + λ)u = g, β, λ ∈ R, β, λ > 0, g ∈ S(Kn)
is called a p−adic Green function. Since |f (x)|
β
K + λ 6= 0, for every x in K
n, the
distribution
Gλ = F
−1
(
1
|f |βK + λ
)
is a Green function. We shall say that Gλ is the Green function associated to the
operator f (∂, β).
4.1. Integration on the fibers. Let g(x) be a non-constant polynomial with
coefficients inK. Let Cg and Sg = g(Cg) denote the set of critical points and the set
of critical values of the mapping g : Kn → K. In the case in which g a homogeneous
polynomial Sg = {0} (see e.g. [5, Theoren 2.5.1]). For any z ∈ K
n \ {0} we define∣∣∣dxdg ∣∣∣ to be the residue of the measure |dx| along the fiber g−1 (z), and
(4.1) FΦ (z) =
∫
g−1(z)
Φ (x)
∣∣∣∣dxdg
∣∣∣∣ ,
where Φ ∈ S(Kn) is a fixed function. If Φ is the characteristic function of RnK we
use F (z) instead of FΦ (z). The function FΦ (z) is locally constant on K \ {0},
and satisfies
(4.2)
∫
Kn
Φ (z) |dz| =
∫
K\{0}
FΦ (z) |dz|
for every Φ in S(Kn) (cf. [5, Lemma 8.3.2]). The following Lemma, that follows
from (4.2), will be used later on.
Lemma 4.1 (cf. [5, Theorem 8.4.1]). Let g(x) ∈ K [x1, . . . , xn] \K be a non-con-
stant polynomial such that Cg is contained in g
−1(0). Then
(4.3) ZΦ(s, g) =
∫
K\{0}
FΦ (z) |z|
s
K |dz| , Re(s) > 0.
4.2. Asymptotics of Gλ(x) as ‖x‖K →∞.
Theorem 4.1. Let f (x) ∈ RK [x1, . . . , xn] \K be a form of degree d, and f(∂, β)
the p-adic pseudo-differential operator with symbol |f |βK , β > 0. The Green function
Gλ corresponding to f(∂, β) admits the asymptotic expansion
Gλ(x) =
(
1
1− q−n
) ∞∑
m=1
(−1)
m−1 (
1− qdβm
)
λm+1
Z (βm, f) ‖x‖−dβm−nK
as ‖x‖K →∞. In particular Gλ(x) satisfies
Gλ(x) =
(
1
1− q−n
) (
1− qdβ
)
λ2
Z (β, f) ‖x‖
−dβ−n
K +O
(
1
λ3
‖x‖
−2dβ−n
K
)
as ‖x‖K →∞.
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Proof. The asymptotic behavior of Gλ at infinity can be studied by considering
the action of Gλ on functions of type Ω−l, the characteristic function of the ball(
P−lK
)n
, as l→∞ (see Remark 3.1). By definition
〈Gλ,Ω−l〉 =
〈
1
|f |
β
K + λ
,F−1Ω−l
〉
=
〈
1
|f |
β
K + λ
, qnlΩl
〉
=
∫
Rn
K
|dz|
q−ldβ |f (z)|
β
K + λ
,(4.4)
and by using integration on the fibers, (4.4) can be rewritten as
(4.5) 〈Gλ,Ω−l〉 =
∫
RK\{0}
F (t)
q−ldβ |t|
β
K + λ
|dt| .
By applying the asymptotic expansion
1
1 + y
=
∞∑
m=1
(−1)
m−1
yn, as y → 0,
in (4.5) we obtain the following asymptotic expansion for 〈Gλ,Ω−l〉:
(4.6) 〈Gλ,Ω−l〉 =
∞∑
m=1
(−1)m−1
q−ldβm
λm+1
∫
RK\{0}
|t|βmK F (t) |dt| , l→∞.
By using Lemma 4.1 and (2.6) in (4.6), we obtain that
〈Gλ,Ω−l〉 =
∞∑
m=1
(−1)m−1
q−ldβm
λm+1
Z (βm, f) =
∞∑
m=1
(−1)
m−1 Z (βm, f)
λm+1
〈
1− q−n−dβm
1− q−n
‖x‖
dβm
K , q
nlΩ−l
〉
,
as l→∞, i.e.,
(4.7)
〈Gλ,Ω−l〉 =
∞∑
m=1
(−1)
m−1 Z (βm, f)
λm+1
〈
F−1
(
1− q−n−dβm
1− q−n
‖x‖
dβm
K
)
,Ω−l
〉
.
From (4.7) by using Proposition 2.1 we obtain that
(4.8) Gλ (x) =
∞∑
m=1
(−1)
m−1
(
1− qdβm
)
Z (βm, f)
(1− q−n)λm+1
‖x‖
−dβm−n
K , ‖x‖K →∞.
The second part follows directly from (4.8).
4.3. Remarks.
(1) The previous Theorem is valid for a twisted operator f(∂, β, χ), in this case
it is necessary to change Z (βm, f) by Z(βm,χ, f) in the statement of
Theorem 4.1.
(2) Kochubei has studied the asymptotics of the Green functions associated
with elliptic operators (see e.g. [10, sect. 2.8]) at infinity and the origin.
The asymptotics obtained by Kochubei at infinity can be recovered from
Theorem 4.1.
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(3) Sato’s asymptotic expansion for Gλ, [15], is only valid for forms that are
invariants of prehomogeneous vector spaces.
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